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Abstract: This paper presents a generic methodology to
integrate component reliability and product quality for
multi-station manufacturing process reliability analysis.
A new QR-chain model is developed to capture the
complex QR interactions propagating throughout all

stations.  An analytical solution is obtained and its
upper bound is provided to expedite practical
implementation.
Notation
n number of process variables
m number of product quality characteristics
p number of manufacturing system components
I number of noise variables in the system
t number of operation cycles, which is an

operating time index
X(t)  processvariable vector at timet
Y(t) product quality characteristic vector at timet
[b]  thei™element of vector b
Fy Cdf of arandom variable X
A ®B Kronecker product of A and B
x-*y  Hadamard product of two vectors x and y

(Z=X'*y:>[z]i =[X]i [y]l)

1. Introduction
1.1 Problem Statement

Multi-station manufacturing processes (MMPs) are
used in various industry sectors. Examples of MMPs
include multi-assembly stations in automotive body
assembly, transfer or progressive dies in stamping
processes, and multiple pattern lithography operations
in semiconductor manufacturing.

System reliability, as a critical performance index
of an MMP, is defined as the probability that a
manufacturing process performs its intended function
under operating conditions for a specified period of time
[1]. The intended function of an MMP should consider
not only the manufacturing process uptime at each
station, but also the produced product quality, as shown
in Figure 1. In traditional reliability research literature
[1, 2], system failures are determined only by system

component failures due to their malfunctions or their
degradations beyond the maximum acceptable amount
of wear. The dependency of the manufacturing system
reliability on the product quality was neglected in the
system reliability modeling of a manufacturing process.
For a single station manufacturing process, the
concept of the interaction between product quality and
manufacturing system component reliability, called as
QR-Co-Effect, has been sudied in [3] for
manufacturing process reliability modeling. As shown
in Figure 1, the manufacturing system component
degradation affects the outgoing product quality.
Meanwhile the incoming raw material/part quality can
affect the manufacturing system component reliability
such as degradation rate and catastrophic failure rate.
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Figure 1. QR-Co-Effect between product quality and manufacturing
system component reliability
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In the single station situation [3], it is reasonable to
assume that incoming product quaity (raw
materia/parts) is time-independent, and so is the
component catastrophic failure rate. Therefore, the
probability of nonconforming product quality can be
reasonably considered as sindependent of the
probability of component catastrophic failure.
However, this assumption will not hold anymore in an
MMP due to the dependent propagation of product
quality across stations. Therefore, development of an
effective model to describe the quality and reliability
dependency and its propagation throughout all stations
is one of the maor concerns in system reliability
evaluation for an MMP.

1.2 QR-Chain Effect inan MMP
First the gpecific scope of the following
terminologies used in this paper is clarified as follows:

e Component/Manufacturing system component —
In this paper, component means the component of a
manufacturing system, rather than the component
of a product;

®  Product — Both the input and output workpieces of
each station of an MMP, including the intermediate
parts and the final product;

® System catastrophic failure — System failure due
to component catastrophic failures;

e System failure due to nonconforming products —




an event that the products are out of specifications.

For MMPs, the specifications could be assigned to

the intermediate or the final products.

In an MMP, each station consists of multiple
components. To simplify the problem, al components
in an MMP are assumed to be connected in series, that
is, the catastrophic failure of any component will lead to
the system catastrophic failure. In fact, al the
developed models and methodologies in this paper can
be easily adapted to general hybrid series/parallel
systems. System reliability of an MMP is defined as the
probability that neither the system catastrophic failure
nor the failure due to nonconforming products occurs
during a specific period of time.

The product variation is propagated in an MMP [4,
5]. Considering the QR-Co-Effect at each station, the
variation propagation in product quality will lead to the
propagation of the interaction between the
manufacturing system component reliability and the
product quality (as shown in Figure 2), which is called
as the QR-Chain effect.
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Figure 2. Genera concepts of the QR-Chainin MMPs

The QR-Chain effect can be observed in many
MMPs, such as multistage machining process, multi-
station assembly process, and transfer or progressive die
stamping process. A cylinder head machining process
shown in Figure 3 is used as an example here to
illustrate the characteristics of the QR-Chain effect [6]:
there are two stations consisting of drilling a hole in a
cylinder head (station 1) and then tapping a thread on it
afterwards (station 1l). In station |, the materia
properties of the incoming workpiece (taken as the
product quality) will have a significant impact on the
wear and breakage rate of the drill (taken as the
component reliability). The drill condition further
impacts on the quality of the hole drilled in this station
in terms of size, straightness, and orientation, etc. Inthe
next tapping station (station I1), those drilled hole
quality characteristics of station | are essential factors
affecting the thread quality of station |l and the wear
and breakage rate of the taper tool. Therefore, the QR-
Co-Effect at station | has propagated to station |1.

From this example, the characteristics of the QR-
Chain effect in an MMP can be summarized as: the
stochastic degradation of the manufacturing system
components causes the stochastic deterioration of the
outgoing product quality; furthermore, the dependent
propagation of product quality across stations causes the
dependency of the manufacturing system component

failures and the system failure due to nonconforming
products.

Station I: Drill bolt hole  Station I1: Tapping threadsin the bolt
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Figure 3. QR-Chain in amachining process
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This paper is organized as follows: a new system
reliability model, a QR-Chain model, is proposed in
Section 2 to study the QR-Chain effect. In Section 3, an
analytical solution for system reliability is obtained
based on the proposed QR-Chain model. An upper
bound of the system reliability is derived. In Section 4,
an example is used to illustrate the analysis procedures
and the effectiveness of the proposed methodol ogy.

2. QR-Chain Modeling

Based on the characteristics of the QR-Chain effect,
key elements of the QR-Chain model will be discussed
in this section.

2.1 Relationship between Component Performance
and Product Quality
The product quality in an MMP is generally
affected by the state of multiple manufacturing system
components. In this paper, the component state is
described by process variables.  Another type of
variables affecting the product quality is the noise
variables. Examples of noise variables include random
variations of raw materia quality and random
environmental variations. In general, noise variables
randomly change from one operation to the next.
Considering further the interaction between the process
variables and the noise variables, the following general
linear model, which is called as the process model in
this paper, is assumed for the product quality
characteristics Yj(t)
Y, (t)=n; +a]X({t)+B]z, +X(t)'T,z,, j=12...m (1)

where X(t)e R" is the vector of process variables in

the MMP, z, =[z,,2,,..,2,]" € R' is the vector of
noise variables, with mean E(z,) and covariance matrix
Cov(z) independent of the time index, 7;,j=12,...,m
are constants, a; and B; are vectors characterizing the
effects of X(t) and z, and I'; isamatrix characterizing

the interaction effects between X(t) and z.

Remarks. The process model (1) could be obtained
from physical process models or by using the design of
experiments (DOE) since the process model (1) has the
same structure as the response model in robust



parameter design [7].

2.2 System Component Degradation

The process variables X(t) in (1) change over time
due to system component degradation. Suppose that the
time axis is divided into contiguous and uniform
intervals of length h, and that the successive endpoints
of the intervals are denoted by h, 2h, 3h, ..., kh, .... The
process variable vector X(t,)e R" is used to represent the
degradation state of system components at time t=kh,
k=1,2,.... The production mission time is t, = Kh.
The following Gauss-Markov model is assumed:

X(tey) =AX(t)+G e, k=0,12,.. 2
where ¢, € RY; A¢ and Gy are possibly time-varying,
known meatrices of appropriate dimension; {g,,k>1
ae ii.d. and Gaussian, with g ~N(p,,Q);
X(t,) ~ N(uq,X,) represents the initial value of the
process variables. Eq. (2) can be considered as a
multivariate discrete approximation to a diffusion
process. Without loss of generality, in this paper the
components are in the ideal state if X(t)=0. It is aso
reasonable to assume increasing wear in our model, that
is, for any 1<j<n, Pr{ [X(to)];<0} and
Pr{[X(t,,,) - X(t,)], <O} can be ignored. In fact,

decreasing (or negative) wear is not meaningful in many
applications [2].

2.3 Product Quality Assessment and System Failure
due to Nonconfor ming Products
Based on the degradation model assumed in the
previous section, (1) can be rewritten as
Yj = 1 'Hﬂx(tk) + BT,-21 + X(tk)T rz, 3)
t, <t<t,, j=12..m
In this paper, the product quality is assessed by the
mean squared deviation of the quality characteristics
from the target. Following this concept, under given
component degradation state X(t,), the jth quality index
0;(t) can be defined as
q; (t1X(t,)) = E((Y, () —7,)? I X(t,)) = 4
Var (Y; (t) | X(t,)) + EZ((Y; (1) — 7, ) I X)), t, St<ty,,
where y, is the target value for the i quality
characteristic. Based on the meaning of the ideal state
of the components, the mean of the quality
characteristic achieves the target value when X(t,)=0.
Thus from (3),
v, =E(Y; (1) |X(t,)=0)=n; +B]E(z,) )
and
Var (Y, 0 1X(t,)) = B} cov(z,)B,

+(X(t,)T ;) cov(z, )(TTX(X,))
From (3) and (5),

(6)

EZ((Y; (0 = 7;) IX(t)) = (@] X (t) + X(t) " T E(z,))*
=X(t,)" (e, +T E(z))(a; +TE(z,))" X(t,)
From (4), (6), and (7), q;(t) can be written as a
quadratic function of X(ty), thus we have
qj(t|X(tk))=X(tk)TBjx(tk)+dj|
j=12..,.mt, <t<t,,,

()

(8)

where

B, =T, cov(z)T| +(a; +T,E(z)))(e; +T',E(z,))" and

d, =] cov(z,)B,. It is easy to see that B; in (8) is
positive semidefiniteand d; > 0.

For each quality index, there is a threshold value
based on the product design specifications. Suppose the
threshold for the ™ quality index is a;, we define E! as

the event that al quality indexes are within the
specification by timet, i.e.
Ef=((q;(r)<a,,vO<z<t)

j=1

24 Component Catastrophic Failure and Its
Induced System Catastrophic Failure
We assume that Pr{component i fails at operation
t+1] it works at operationt, Y ()} isequal to

A +STY®D) =) *(Y®) -7),i=12,., p
where s, € R", caled as the QR-coefficient in this
paper, has only nonnegative elements; A, istheinitial
fixed rae,  y=[y, v, - Tml'
YO =[Y,(t) Y,(t) .. Y,®] . Itis worth to note
that with the failure rate achieving the minimum at
Y (t) =y (quality characteristics right on the target) and
the assumption that the effects of different product
characteristics on the component catastrophic failure are
independent, the quadratic relationship above can be
considered as a second order approximation of a general
functional relationship based on the Taylor series. Let
A, (t) denote the catastrophic failure rate of component

i at operation t. By taking expectation on the noise
variables in Y(t) and further using the definition of the
failure rate (or hazard rate), A, (t) can bewritten as

A, (t) = Pr{component i faillsatt+1|itworks at t, X(t, )}
=E(Aq +7 (YO =) *(Y (O - 7) [X(t)) )
= Ao +SiTq(t|X(tk))

where q(t| X(t,)) =[a, (t [ X(t)) - Gu(tIXEN]"-
In this paper, ES is used to denote the event that

catastrophic failures never occurred at any of the p
system components by time't.

failure and



3. System Reliability Evaluation
Based on the notations introduced in the last
section, the system reliability at the production mission

timetycis R(t,) =Pr{E; NE;}.

3.1 Challengesin System Réliability Evaluation

The complex interactions among different elements
of the QR-Chain model lead to three major challenges
in system reliability evaluation: (1) Dependency
between E! and ES; (2) Dependency among
catastrophic failures of system components; (3) Doubly
stochastic property: From (8) and (9), the catastrophic
failure rate A, (t) depends on ancther stochastic process
{X(t,),k=12..}. Intheliterature, this kind of process
is called as doubly stochastic Poisson process [8].

3.2 System Reliability Evaluation of MM Ps

The following three analysis steps are proposed to
evaluate the QR-Chain mode!:

Step 1. Conditioning on the degradation path of
each component, the component catastrophic failure
process, which is a doubly stochastic Poisson process,
will become a Non-homogeneous Poisson Process. And
the dependency of E; and E; can also be removed.

Step 2. Uncondition on the degradation paths by
implementing expectation to the conditional system
reliability calculated in Step 1.

Step 3. Reorganize the integrand into the form of
the p.d.f. of a Gaussian random variable.

321 Stepl
Conditioning on X, =[X"(t,) X'(t) ... X",
the system reliability
R(t, X, ) =PrES 1X, JPrES 1%, J- (10)

where Pr{EfK |XK} and Pr{E{l |XK} can be calculated

by the following results.

Result 1. Let d=[d, d, d,]” and
P
c= Z(&Oi +sde). There exists a positive semidefinite
i=1
matrix Uy, such that
Pr{EfK | X« :xK}:exp(—(ctK +xf<UKxK)). <

The proof of Result 1 can be found in Appendix A1l.

Result 2. Q is a domain in RK&YM gt
K m
xe e @ (K t)B xt)<a -d . Let
k=0 j=1
1 ifx,eQ
= ,then PriEY | X=x(=1,. <
« {O, otherwise { | J=1x

Thisresult is obvious from (8).
From result 1, result 2, and (10), the conditional

systemreliability is
R(t, | X =%, ) =expl= (ot +XZU, X 1 (12)

322 Step?2
Unconditioning on Xy by implementing expectation
to (11), the system reliability becomes

R(tK):XE[R(tK | X :XK)]:_[R(tK | X :XK):“:XK (XK)
Further from (11),
R(tK)zjexp(— (CtK +X1};UKXK))I kdFy, (xy)

= Jexpl- (ot +xUyex JlFy, () (12)
XKEQ
Since X(to), X(ty), ..., X(tk) arejointly Gaussian,
X ~N(pg,Zg) (13)

where p, and X, can be easly obtained from (2).
Substitute Fy, (X,) in (12) based on (13), the system

reliability becomes
1

n(K+1)

1eXp{_(XTKUKXK
(@r) 2 [z

PME

Rt,) = epl-ct,) | (14)

XeQ

1 _
+§(XK _pK)TZKl(XK - )Xy

323 Step3
We can transform the integrand in (14) to the form
of the density function of another multivariate Gaussian

r.v. X, by following results.

Lemma 1. There exists a positive definite matrix f‘.K ,a
vector p, , and ascalar >0 such that
1 -
XTKUKXK +—(Xg _uK)TZKl(XK —Rg)
. 2 (15)
= E(XK 1) E (X — By ) 8¢
The proof of Lemma 1 can be found in appendix A2.
Based on the lemma above, the integrand can be

transformed into the form of a multivariate Gaussian

p.d.f. asfollows.

Result 3. Let X bea n(K +1) dimension Gaussianr. v.

whose p.d.f.is

fr, )= epl- 3 e ) o)
(2r) 2 [E]

Then the system reliability can be written as

R(tK)=exp(—ctK)%_iK)|iK|% [dFg (x) (16)

ZK|2 XeQ

The proof of (16) can be aobtained by reorganizing the
exponential part of the integrand in (14) based on
Lemma 1.

The multi-fold integral in (16) can be calculated by
the following simulation: Suppose Ny Gaussian random
variables are generated with mean p, and variance



)EK , among which Ny generated random variables fall in
the quality constraint Q. Then Ny/Ns is an estimate of
theintegra de;(K (Xx) -

XeQ

3.24  Sef-Improvement of Product Quality and
the Upper Bound of System Reliability

Note that the dimension of the integral in (16) is
n(K+1), which is generaly very large. Especidly the
integral dimension depends on the production mission
time tx. It generaly takes enormous computation
resources to generate random variables with such alarge
dimension. However, we can significantly save the
computation resources for the situation that the product
quality does not have self-improvement, which will be
discussed as follows.

In (8), qg(t) is not monotone non-decreasing over
timet in general. If gj(t) is decreasing at t, we say that
the product quality is self-improved at that time. If the
product of an MMP does not have self-improvement at
any time, that is, gj(t) is monotone non-decreasing,
X(t)e @ © I =1, where we say X(tc)e Q, if

_rm]{xT (t)Bx(t) <a; —d, .

Thus, (16) can be rewritten as
1
exp(-=s) |1z 15
LEK)P:K 2
DME
The integral domain of (17) depends only on
X(tc), noton x(t,), ..., X(t,) . Sotheintegral can be

calculated based on the marginal distribution of >~((tK) ,

which is the last n dlements of X,. As X, is
multivariate Gaussian, the marginal distribution for
X(t,) can be directly obtained from the distribution of

X . Following this way, the n(K+1) fold integral can

be finally reduced to an n fold integral as follows.
Result 4. The system reliability can be written as

(x(ty)) (18)

R(t,) = exp(~cty ) Jor; () (A7)

K
X(ti )i

1
exp(-s ) 1= |3
R(tK)zexp(—CtK)LlK)|ZK|2 JdFze,
|ZK |§ X(ty Je Qg
The proof of result 4 can be found in Appendix A3.
How to obtain the distribution of X(t,) in (18) is
discussed in Appendix A4.

In general cases when the product quality may have
self-improvement, we have |, =1= X(t )e Q, but
the converse (X(t,)e & = I =1) isnot true. So (18)
tends to overestimate the system reliability in genera
cases. However, (18) can be generaly treated as an
upper bound estimation of the system reliability, which

is much easier to evaluate than the exact system
reliability in (16).

4. Numerical Analysis

A manufacturing process with three tooling
components alocated in three stations, as shown in
Figure 4, is considered in the numerical analysis. The
performance of these three components is described by

the process variables X(t)=[X,(t) X,(t) X )] . Six
noise variables Z,, i=1,2,3,4,5,6, whose distributions

are designated in Figure 4, interact with the process
variables and impact the product quality. There are four
product quality characteristics Y, (t),i=12,3,4 as
shown in Figure 4.

z~unif(-1,1) Zy~unif(-1,1) Z5~unif(-1,1)
i 2,~N(0,0.001) iz.wN(o,o.oon l 2-N(0,0.001)
v v v
) Ya(t) . Ya(t) ! .
Station 1 » Station 2 » Station 3 Y(t)
—»
Xq(t) Xot) Xa(t)

Figure 4. An example of athree station manufacturing process

The process model of this MMP is represented as:

Y, (t) = 0.274X, (t) + z,, — 0.483X,(t)z, (19)
Y, (t) = 0.372Y, (t) + 0.365X,, (t) + 0.5647,, + X, (t)Z,
=0.102X, (t)+0.365X, (t) + 0.372z,, + 20)

0.564z,, —0.180X, (t)z, + X, (t)Zy,
Y, (t) = 0.628Y, (t) + 0.303X 4 (t) — 0.722Z,, + 0.775X 5 (t) Z,
=0.064X, (t) + 0.229X, (t) + 0.303X 4 (t)
+0.234z,, +0.354z, —0.722z,, —0.113X, () z,
+0.628X, (1) 2, +0.775X 4 (t) Zg,
Y, (t) = 0.426X ,(t) —0.703X 4 () Z,
The component degradation model is
X(t.y) = X(t,) +¢g,, k=0, 1, 2, ...
where g, ~N(u,,Q), p,=10°x2 2 2,
Q=25x10""xI 44 , and h=1000.
Asin (8), product quality is assessed as
q; (tIX() = X(tk)TBjx(tk) +dj y 121,234, 4, St<ty,
B, and d; can be obtained from (8) and the process
model (19)-(22) as

(21)

(22)

[0308 0 O 0.043 0.037 0
B,=| 0 0 0|.B,=/0037 1133 0|

| 0 00 0 0 o0

[0.017 0.015 0.019 00 O
B,=|0.015 0447 0069(.B,=(0 0 0 |

0019 0.069 0.692 0 0 0676

d, =10, d, =0.457*10°, d, =0.701*10°, and d, =0.
Due to the QR-Chain effect, the component
catastrophic failure rates are affected by product quality.

Let 4, =6x107 and s=3x10"". Itisassumed that



)‘l(t) = Ao; lz(t) = lo +s-0,(t); ls(t) = Ao +5-0,(1) .

e System reliability evaluation
Since dl elements of B;,j=1234, ae

nonnegative, it is easy to see that the product quality of
this manufacturing process does not have self-
improvement. Thus, Result 4 can be used to evauate
the system reliability. The reliability plots calculated
with Result 4 are shown in Figure 5. Three cases as
follows are compared in Figure 5(a):

(): €, =0,5=0; (ii): &, #0,s=0; (iii): g, #0,5#0,
Compared with case (iii), both case (i) and case (ii) tend
to overestimate the system reliability because they
incorrectly neglect the QR-Chain effect existing in an
MMP. A sensitivity analysis for different values of the
QR-coefficient sisgivenin Figure 5(b).

Reliability Reliability
1 iR

0.9 0.9

0.8 0.8

07 () 8=0; s=0 07

06f (iii) £0; 520 (ii) &20; s=0 06

05 / 05

0.4 0.4
03 03
02 02
01 01

% 5 10 15 20 25 30 35 40 45 50 0

Time Interval Time Interval
(a) System reliability (b) Sensitivity analysis for different s
Figure5. System reliability and sensitivity analysis
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Appendix

Al Proof of Result 1
Conditioning on X, , we have,

PriES 1X, J= exp[—i(Kzl/li (tk)hn

i=1\ k=0

(A1)
Let U'=hS i[si].B. ad y, = Lwoa @Y Ot
i=1 j=1 ) O( O(nxn)
Since the elements of s are nonnegative and B;,
j=1,2,..., m are positive semidefinite, U is positive
semidefinite and Uy is positive semidefinite. From (8)
and (9) and basic algebra manipulations,

PrES X J=expl- (et +XTU X, ) -

nxnK)

A2. Proof of Lemma 1
¥l is postive definite and Uy is positive
semidefinite (from Result 1) = £l=2u, +x is
positive definite. Let i, = (U, +Z/2) (&2 / 2y,
rl=2U, + and
5 =W UL U + (21 2) T (& 12)] > 0
By substituting p,,X;" and's, , the lemmais followed.
A3. Proof of Result 4
From (17),
1
Rt =ep(-ct) SPE3E 2 far, ()
\ZK\E X(t)eQy
1 -
=exp(—ctK)w§K)\zK\ZJPr{><(tK)e @ 1X, =X, JdFg (%)
[z 2
exp(-s )5 % v
= exp(-cty ) B [ PHX(t ) € @)
[ 2

1
—ep(ot) PR [ far ()

. ‘z (e Je

A4. Distribution of X(t, )
Based on the property of multivariate Gaussian
random variables, X(t,) is Gaussan with

X(t ) ~ N(i(K), £(K)) , where B(K)=E(X(t,)) and
X(K) =cov(X(t,)) . Partition £, ,p, asfollowing,
- 11 | x12 nl
P (nKxnK) | (nKxn) iI — (k1) |
K ¥21 [ X2 K n2
(k) | (nxn) (n<1)

Itiseasy to seethat p(K)=p2and £(K)=222.
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